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Introduction

The question asked by Professor Maxime Bôchert in a discussion concerning

certain theorems on the roots of the derivative of a polynomial, "Could not the

first of these propositions be brought into connection with the focal properties of

the higher plane curves?" had been answered earlier by M. van den Bergij: with

the following theorem :§ Les points racines de la dérivée d'une équation an

racines différentes sont les n — 1 foyers d'une courbe de (n—1 )e classe qui touche

dans leurs milieux les \n (n — 1) côtes du n-agone complet déterminé par

l'équation originale. L'équation originale ayant des racines midtiples, la droite

joignant un point-racine mPu à un point-racine pPu est divisée à raison de m

àp par le point de contact. An independent proof of this theorem was given

also by P. J. Heawood for the polynomial with simple roots, and the extension

to the case of multiple roots was indicated||. M. FujiwaraU generalized van

den Berg's theorem as follows: Die Wurzelpunkte von fk (x) = 0 sind die

Brennpunkte der Men polaren Kurve (n — kter Klasse) der Kurve nter Klasse,

welche aus den n Wurzelpunkte von f(x) = 0 besteht, in bezug auf die un-

endlich-ferne Gerade. Apparently the last writer dealt with a polynomial of

simple roots, and he therefore failed to note the relationship of his Zrth polar

• Presented to the Society October 28,1922.

f Annals of Mathematics, vol.7 (1892), p. 70.

t Nieuw Archief voor Wiskunde, vol. 15 (1888), p. 190.

§ The theorem is stated as quoted by M. Jan de Vries, Rendiconti del Circolo Mate-

mático di Palermo, vol. 5 (1891), p. 290.

|| Quarterly Journal of Mathematics, vol.38 (1907), p. 80.

The writer in ignorance of the contents of these papers and in the belief that Bôcher's

question was unanswered, proved this theorem for the rational function of multiple roots and

poles, Bulletin of the American Mathematical Society, vol. 27 (1920), p. 17. He is

indebted to Professor A. J. Keinpner and to Dr. J. L. Walsh for the references to van den Berg

and Heawood. The investigation was undertaken at the suggestion of Professor W. H. Echols

of the University of Virginia to whom the writer feels greatly indebted for encouragement and

inspiration.

5[ Tôhôku Mathematical Journal, vol. 9 (1916), p. 108.
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curve to the original polynomial of the roots of f(x) = 0, as van den Berg

has done in the case of the first derivative of a polynomial, and as the writer

will do for the case of the rth derivative of a rational function of multiple

zeros and poles. Some theorems concerning the properties of these curves

will then be taken up, from which the foci will be localized to limited areas,

and applications will be made to particular functions where it will be shown

that the curves can be traced with ease.

Part I

1. NOTATION AND PRELIMINARY LEMMAS

The operation of polarization with respect to a line of a curve given in

homogeneous, rectangular, line-coördinates is well known. The rth polar of

F(u, v, iv) — 0 with respect to the line (u', v, w) is given, in the usual

symbolic notation, by

\u —-f- v-\-w ——  F = 0.
\     du dv dw!

We propose to extend the name "curve" to a homogeneous rational fractional

function of u, v, w (we shall then write curve in italics), and to apply

to it the operation of polarisation with respect to a line. If F(u, v, w)

= Fi(u, v, to)/Ft(u, v, w), where Fi(u, v, 10) and F2(u, v, w) are homo-

geneous polynomials in u, v, w, having no common factor that is not a con-

stant, then, as before, the rth polar of the curve F(u, v, tv) = 0 with respect

to the line (it', v, w) is given by

U J- 4V J_ + M/ -P\rF=0.
\     du dv dw)

In particular, if the line («', v', w') be the line at infinity (u' = i/ = 0), then

9r
the rth polar of F(u, v, w) = 0 is ——— [Fx(ti, v, iv)/F2(u, v, w)] = 0,

dwr

which we designate, for the sake of brevity, by Fw = 0.   The numerator

of Fw* we denote by (Fw). With these explanations clearly in mind, we can

prove the following lemmas concerning the curve (Fw) = 0.

LEMMA 1. If Fi (u, v, to) — 0 touches the X-axis in ki points (not necessarily

distinct), given by the roots of 0X (x) = 0, and if Ft(u, v, w) = 0 touches the

X-axis in k¡ distinct and different points given by the roots of 02 (x) = 0, the

* The numerator and the denominator of Fl, have no common factor other than a constant.
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points of contact of (Fw) = 0 with the X-axis are given by the roots of the

rth derivative of Ox (x)ld2 (x) = 0.*

Case 1.   Suppose Ft (u, v, w) has no multiple factors.

Let the roots of 0X (x) = 0 and of 02 (x) = 0 be xx,..., Xkt and x[,..., x¡,,

respectively, where x[ ^ x'2 +: • • • + x'k, and dt (x[) ^ 0 (i = 1, 2,..., k2). We

can write therefore

k, k,

ex(x) = ] \(x — Xi) — 0,   and  02(x) == ] \(x — xj) = 0.
¿=i <=x

If the degi'ee of Fx (u, v, w) is nx, then, in order that the curve Fx(u, v, w) = 0

should touch the X-axis in the points given by

k,

Yl(x-Xi) = 0,
¿=i

we must have
h

(1) Fx(u,v,iv) = vn'-fcl JJ (uxi + w) + ©i(w,v, w) = 0,
i=l

where the highest power of v in 0>i(m,«;,w) is less than nx — kx; for the

coordinates of the points of contact of Fx(u, v, w) = 0 with the Z-axis are

the values of —wlu in Fi (u, v,w) = 0 when v approaches infinity, and these

values are the roots of the coefficient of the highest power of v equated to

zero when the latter is considered as an equation in — wlu. Similarly, if n2

is the degree of F2 (u, v, w) — 0, we have

k,

(2) Fi(u,v,w) = vn>-k*\\(ux'i-\-w)-ltOi(u,v,w) = 0,
i=l

where the highest coefficient of v in tf>2 (?*, v, w) is less than «2 — Zc2. To find

the points of contact of (Fj„) = 0 with the X-axis, we equate the coefficient

of the highest power of v in the numerator of (drldwr) F(u, v, w) to zero.

Since

T?, n _ Fi(u,v,iv)
F(u,v,w) = Fi(U)V)W),

* When the derivative  has infinite roots  arising from the vanishing of the highest

coefficient or coefficients of the numerator, homogeneous coordinates should be used.

17»
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KZ = F 9r(1/jr»)   i .. dFi   9^(1/Ft)   .        ,   d'(VF,)
g   r 1      a «wr a «• a ,„»--i a »«»•

But we know*

a^r 9 Mr" '       8ít; a»*-1 8 uf

dr(l/Fj)

duf f;
(-!)'• i¿+i-A'{F2),

where

A'{Fi}

dFj

dw
F2       O     O

g2*1»    i    dF,

dw*     2!    9 IV
Fi    O    •

drFi     1

9 it»''     r!

9F2

dw

Hence we have the formula

(3)     (K) = [Fi],« îF=ïïr«^T^^«»+

...+(-!)'>! Fi4M^},

as there is no factor common to the expression on the right of equation (3)

and to [F2Y+1- If we substitute for i\ and ig in the last equation their values

given by equations (1) and (2), we see that the coefficient of the highest power

of v in this equation, i. e., the coefficient of vni~kl+rm>~k,), is

(4)

k,

E
i=l

k,

H(uxi + wyj-ll(uxi + v,)

I        *" a»—i    kl [ ** )

^^n(^+^),'-i^n(^+w)-4i{n(^+M'))+

* Echols, Calculus, p. 455.
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which is clearly the numerator of

(5)
duf

kt i   k,

Yl (uxi + w)    ] J (uxi-\-w)
i=l I   i=l

The points of contact of (Fw) = 0 with the X-axis are the roots of the

numerator of (5) considered as a function of — wlu and equated to zero. Hence

designating — wlu by x, we have the points of contact of (Fjj) = 0 with the

X-axis given by the roots of the rth derivative of 6X (x)/8i (x) = 0.

Case 2. F2 (u, v, w) has multiple factors.

Since Ft(u, v, w) has multiple factors, it is of the form

(6)      Fi (u, v, w) = fl W + °« ("> v, wjfi

k,

\ (ux'i + w) + ®n,-a (u, V, w)

k,

M,—ki—0

¿=1

where tj^>2,o = £ tj or,-, m — h>a, and vn*~k'~a J J (ux\-jw) + d>n,-<r
J=1 i=l

has no multiple factors, for the coefficient of the highest power of v in
k,

Ft(u, v, w) must be¿ [ (uxí-\-w), which has no multiple factors. The ex-
t=i

pression on the right of equation (3), therefore, has a factor in common with

(Fw), namely
8

(7) Y{[v^-YOaj(u,v,w)]r^-^,
j=i

and (Fw) is equal to the expression on the right of equation (3) divided by (7).

But this does not affect the identity of the coefficients of the highest power

of v in (Fw) and the numerator of (5). Hence, as before, the points of contact

of (Fw) — 0 with the X-axis are given by the roots of the rth derivative of

dx(x)ldi(x) = 0, and the lemma is established.

In the following lemmas we designate 6x(x)ld%(x) by B(x), and the rth

derivative of 0(x) by 6r(x).

* The subscript of (D designates its degree.

f The degree of (ÍÍ) = 0 is therefore equal to nt + r In, — a + 2 £ o¡ — 1J.
\ j=i /
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LEMMA 2*. If not all of the points of contact of F2 (u, v, w) = 0 ivith the

X-axis are distinct and different from the points of contact ofFx (u, v, iv) = 0

ivith the same axis, i. e.,

p

62(oc) = H(x-xW II  (x~xj)Mi II (s-a¿) = 0 («>1, ft/^2),
¿=1 i=p-\-l fc=g+l

Mai) = 0 (*== 1,2, ...,*), and Ox(x¡)$0 (i =* + l,..., s),

and if Fi (u, v, w) = 0 has multiple factors such that

T

Fi (u, v, w) = J! [v"> Oñ (u,v) + Og&Pt (u, v, w)f O (u, v, w) = 0,
¿=i

where the highest power of v in O^ (u, v, w) is less than o¿, i¿ > 2, and

where O (u,v,w) has no multiple factors, the points of contact of(F'w) = 0

with the X-axis are given by the roots of

q Y+i

i»=i er(X) = 0,t

H [0pt(-l,x)Yi—i ̂ r«i-»
»=i

provided 6r(x) 4: 0.

The proof of this lemma is very similar to the proof of the previous one,

and we therefore do not repeat it. We only recall that (F'w), under the con-

ditions of this lemma, is equal to the expression on the right of equation (3)
r

divided by YI [v*i 0pi {Uj w) + oai+Pi (u, v, w)]"*-*.
¿=i

Corollary l. If * = 0, t = q,  <r¿ = o,  í¿ — m,  and Q)p. (u, w)
= ux'i-\-w, then the points of contact of(Fw) = 0 with the X-axis are again

the roots of 6r (x) — 0.

LEMMA 3.   If the x-intercepts of the tangents of Fx (u, v, w) = 0 of slope m

are given by the roots of 6x(x) = 0, and if the x-intercepts of the tangents

ofFi (u, v, w) = 0 of the same slope are given by the roots of 02 (x) — 0 which

* While this lemma is more general than we need, the proof of the less general one is not

much simpler.

f An infinite value of the denominator is not here considered a root.
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are distinct and different from the roots of 6x(x) = 0, the x-intercepts of the

tangents of(Fw) = 0 of slope m are given by the roots of 8r (x) = 0.

LEMMA 4. If not all the tangents ofF2 (u, v, w) = 0 of slope m are distinct

and different from the tangents of Fx (u, v, w) = 0 of the same slope, i.e.,

p q s

Ms) = II (*—«)* I [ (x—Xjf¡Y\(x—Xk) = 0  (Pi>l, i*j>2),
¿ = 1 j=P+l k=q+l

Oi(xi) = 0 (¿= 1,2, ...,*),   and  Bx(xi) + 0 (i =* + l,..., s),

and if Fi(u, v, w) = 0 has multiple factors such that

T

Fi(u, v, w) = J J [<*>/>, (u, w)-\-v®p-i (u, v, iv)]1' ®(u, v, w) = 0,
¿=i

where ®(u, v, w) has no multiple factor, and where U > 2, the x-intercepts of

the tangents of (Fw) = 0 with the slope m are given by the roots of

,H-i

[n <*-«i)*]
±1=1-¿-<r(x) = o,

ri[%(-i^)r(t<_1)
i=l

provided Or (x) if 0.

COROLLARY 1. If p = 0, T — q, tt = /*,. a«á Ö>/>. (u, w) ^^ ux^w

(i = 1, ..., q), the x-intercepts of the parallel tangents of (Fw) = 0 are

again the roots of 6r (x) = 0.

LEMMA 5. If the foci ofFi (u, v, w) = 0 and ofF2 (u, v,w) = 0 are given

in the complex plane by the roots of the polynomials fx (z) = 0 andf2 (z) = 0*

respectively, such that the roots of ft (z) = 0 are distinct and different from the

roots of ' fx (z) = 0, the foci of (Frw) =•= 0 are the roots of the rth derivative of

/i (*)//• (z) = 0.

* The foci of F,(u, v, w) = 0 and of F,(u, v, w) = 0 are here assumed to be finite.

The extension of this lemma to include the case of infinite foci is made obvious by the intro-

duction of homogeneous complex variables. We have no occasion here to use the extension.

The proofs of these lemmas are similar to the proof of Lemma 1 and are omitted. See Emch,

Bulletin of the American Mathematical Society, vol. 25 (1917), p. 157.
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LEMMA 6. If not all thefod of F2 (u, v, w) — 0 are distinct and different

from the foci of Fx (u, v, w) = 0, i.e.,

/•(*) = n ('-«/*n(«-*/■' n (*-**)=o o^i, *,>»),n
¿=i ,/=i fc=a+i

/iW = 0(«= 1, ...,*), /i(ft) + 0 (¿ =* + l, ..., s);

awo" if Fi (u, v, w) = 0 Aas multiple factors such that

T

F2(u, v, w) = 1 ![©/>( (u, v, w)]   Q(u, v, w) = 0,
¿=i

where U > 2 and M'Aère <P(w, î;, m>) Aas no midtiple factors, the foci of(Fw) = 0

are íAe roois o/

[n <*-*>"•]
r+l

—/'(*) = 0,

n [^(-1,-1, or*-»
i=l

provided fr (z) 4: 0.

Corollary 1. i/* = 0, % = g, i¿ = pit and oP((—\, —¿, z) = z—zt

(i = 1, 2, ..., q), the foci of (Fw) = 0 are again the roots off (z) = 0.

2. GENERALIZATION OF VAN DEN BERG'S THEOREM

Let
n

f(z) = n (*-*/'   (Zt \ »p t*i^t*i+v i,j = l,--., n-1)
¿=i

be a rational function of z.  Let k be the number of distinct poles of f(z),

i. e. {H<0> i — 1> • • •> &> /»i>0, « = ft+1,..., n. We consider the citn«

<¡P (m-, t;, M>) = J J at' — 0 (Zi : at == Ma?i + i;wi +w).
¿=i
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Clearly it is of the type F(u, v, w) = 0 considered above, where

n k

i = k+l t=l

Fx(u,v,w) =      [ af'= 0,   and  ^(u,»,«;) = ] J oP = 0.

» n

The foci of      [ «f* = 0 are the roots of       [ (z—gift = 0,  those of
i = k+l i = k+l

k k

J «j"'1 = o are the roots of ] J (z — *)W = o, and those of (frw) = 0
i=l i=l

are given by Corollary 1, Lemma 4. Any line through a¿ = 0 (¿<jft) is tangent
ft

to J J a¿   = 0 at the point Zi. Similarly any line through o/ = 0 (/c <j<,n)
i=l

n

is tangent to af' = 0 at the point gj.   If mt of the n — k zeros are
i = k+l

collinear with wi2 of the k poles, and if no other zero of f(z) is collinear with

them, then the points of contact of (</>£,) = 0 with that line are given by

Corollary 1, Lemma 2.  Hence:

THEOREM 1.   The zeros of the rth derivative of the rational function

/(f) = JJ (,_*)*
i=l

are the foci of((fw) = 0, where

n

f(u,v,w) = J J af'     (#: a¿ = uXi + vyi-\-w).
i=l

The curve (<pw) = 0 touches the line through m zeros and poles off(z) (m < n)*

in points which are independent of the remaining zeros and poles of f(z),

provided no other zero or pole of f(z) lies on that line. If this line be taken

for the X-axis, the points of contact are given by the roots of the rth derivative of

Yl(x-Xif' = 0,
t=i

* When m = » the curve (pj,) = 0 degenerates into real and imaginary points. In all

further considerations it will be assumed that not all of the zeros and poles of f(z) are

collinear.
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where xx,x2,...,xm are the zeros and poles that lie on that line, and where

f»v fi2,..., fim are their multiplicities inf(z).

Van den Berg's theorem follows from this when the function f(z) is an

integral rational function and r = 1, except that (as van den Berg and also

Heawood failed to point out) the point of contact on a segment Zi Zj does not

divide the segment in the ratio of ui to /». in case some other zero of f(z) lies

on that same segment.

In case /*¿>r, the curve (<p'w) = 0 will have a factor a**' r.   We define
n

[fw\ — 0 to be that part of (frw) = 0 remaining after all the factors j [ a?'
i=l+l

(l*i>r,i = l-\-l, ..., n) of (</>£,) = 0 have been suppressed. The curve

under investigation is (<fw) = 0, but more particularly [<¡p£,] = 0. The curve

in van den Berg's theorem is [fp'w] = 0. It follows, from the discussion of

(F£) = 0,* that if (v) and [v] designate the degrees of (frw) = 0 and [>£,] = 0

respectively,

(„) = r(fc-l)+  2 f*i, andM = r(fc-l)+ 2 **<- 2 b»-r).
¿=fc+i ¿=fc+i       ¿=m-i

3. Points of contact on ztzj

Let Zi Zj be two of the points zx,z2, ..., zn such that none of the remaining

n — 2 points lies on the line joining Zi to Zj. When this line ZiZj is tangent

to (?«,) = Q an<* [yw] we snaii denote the multiplicity of its tangency by

(vij) and [vy] respectively. Since the order of a multiple tangent is equal to

the number of points of contact on it — distinct or coincident — we can

construct the table given below.

It is clear, from this table, that the only case in which (</>£,) = 0

and [y*] = 0 are not tangent to ziz, is that in which í*¿>0, f*j>0,

and jt^ + i»- <r. Furthermore (v¡.) = [r^.] except when /*¿>r, or when

l*j >r, or when both /*¿ and ¡i. are greater than r.

For jt*f > 0 and *. > 0 the points of contact of [<frw] = 0 with the line

ziz¡ are always real and distinct and lie between et and z}. The points of

contact of [<prw] = 0 separate the points of contact of W^1] = 0. If one of

the /*'s, say *¿, is negative and if /«■¿ + /*/- <0, the points of contact with

[y£J = o are still finite, real, and distinct, but lie now on the extension of zi Zj.f

The points of contact of [>£,] = 0 and of [<pr~x] = 0 are mutually separated.

If /*i + i»■ = 0, the distribution of points of contact is the same as in the case

*¿ + ^.<0, with one exception; namely, all but one of the points of con-

* See footnote on p. 243.
t A point is said to lie on the extension of z¡ z¡ if z¡ lies between the point and zt.
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o

V
a."

s.
VII
a?

V
o

+

a.
+
a.

VII
î
V
o

tact are finite. The line through zi z, is therefore an

asymptote of [fw] = 0 with or without other finite

points of contact on it, and, as the point of tangency

at infinity counts for just one of the points of contact

of that line with [yw] ■

of [<„
0, the two asymptotic branches

0 lie on different sides of zi z¡. Furthermore,

if m zeros are collinear and no pole is collinear with

them, then the points of contact of [f'w] = 0 with that

line are still finite, real, and distinct. Moreover, if one

pole is collinear with m zeros and the order of the pole

is greater than the sum of the orders of the zeros, the

points of contact with [<¡p[J = 0 are still finite, real,

and distinct. Finally, if zx, e¡, ..., zm are collinear, so

thatpi>0(i=l,...,kj,0<pj<r(j = k+l,...,lj,

Px~> r (X = i'+ 1, ..., m), and if (vm) and [vm]

designate the multiplicity of this tangent in (çp^,) = 0

and |V0] = 0 respectively, then

(8)    (vm) = r(U-l) +   2  Pi,

and [vm] = (»)—   2,  (Pi — *')-
¿=F+1

4. THE TANGENTS FROM gj TO [frw] = 0

Let the curve 0(u, v, iv) = 0 be defined by the

identity

<p(u, v, w) = afi e(u, v, w)      (j <; n).

Then

*      r!

9'' f(u, v, w)  _

dwr =

¿V        «F*  or'k6(tt,v,w)
ifo(r-i)! (Pj-X)l     X\ dw'-k

and according as (1) ¿t*. > r, (2) 0 <c ». ■

three expressions for (<pw) = Oi

(3) ». < 0, we have the following
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r! /*,!       1

(i)   W-^"^'-'^)^   M = (rlx), (^,2'x), T

ö fc

ai) (ft)« 5 ^«^~¿(on«i»
-i = 0 ¿ = 1

(iü) (ft) = 2 AÀ **-*(*-*) Hai/ar
X=o i=i

Also in all three cases the identity (<pfw) se [yw] ■ J  [ «¿'    holds.* It follows
i=l+l

therefore that

,—1 k l n

a) [fti = », 2 ^^+^n»*- n <(- n «*
-i = 0 ¿ = 1 ¿=fc+l i=j+l,i^j

\ *=1. <=!+! /
i+j ¿+j

ft-1 fc

(u) ifti = «j z ^«/v/^+^,n^
/!=o J ¿=i

2

¿=fc+i1/íj+//>»-,¿tj     ¿=¿+i

,•—1 kin

(iü) [ft! = «, 2 AÁ®A-r-Ar u <■ n *?■• n «*•
*=<> <=i,»'4j      t=fc+i       ¿=m-i

Hence we see again* that if p, > r or if ». < 0, the totality of tangents from z-

to [ft! — 0 consists of the lines joining e, to zt (i = 1, ..., /í; i = l-\- 1,

..., n; i ^j), the order of the tangents in this case being r, and the lines

* The letter I designates the number of zeros whose order is less than r.

f We define (drw ^s) == [0rw fj] aßi+f1'  r by analogy with [?;].

j We assume here that zj is

collinearity we use equation (8)

ï—k+l,/!^/!^

j We assume here that zj is not collinear with any two of the remaining z's.   In case of
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joining Zj to g% (i = k-\- 1, ..., I), in which case the order of the tangents

is Pj. If, on the other hand, 0 <».<»•, the totality of tangents from zy. to

[fw} = 0 consists of (a) the lines joining g. to ^ (*' = 1, . . . , A:; ¿ = ¿ + 1,

..., n), the order of the tangents in this case being »;; (b) the lines joining

Zj to gi (i = k-\- 1, ..., I; ¿ + i; /*< + »; ̂  »') in which case the order of the

tangents is »¿ + «.—r; and (c) the lines from g, tangent to [07w~n] = 0.

In cases (a) and (b) above the points of contact of a tangent through zi z.

are given by Theorem 1. We proceed to determine the points of contact in

case (c).

For the sake of simplicity let a} = 0 be the origin (xj — yj = 0). Then

for values of u, v, w which satisfy a; = (e\0 Mi) = 0, inasmuch as ($' Mj   )

— —-T T «¿. we have these three relations:
dw

»(fj) =        r! 9 (e"^)

du       ' (r — pj)\       du

k

II «ft
i = l

Hf'J r!        d(el^) A   Mj     8^) _     (r + l)rl       A   *,
9?;       "(r-^)! 9t>       1J"1'       dw       " (r-»;+l)! ' fj "'

Now making use of the fact that the coordinates of the point of contact on

a tangent (u, v, to') to the curve iff («, v, iv) = 0 are given by

dtp dip dip '

9 li ~drT 'dû/

we get

r — », + 1 r — Pj + 1
x(rj=   r+i   •■V-'ty and Vj=   r+i    F(«;-^)'

provided the tangent under consideration is not singular.  Hence,

THEOREM 2. IFAe« »^. > r or », < 0 (j: <: n), all the tangents from Zj to

[ fw] = 0 pass through the remaining zeros and poles off(z). When 0 < ». < r

(j S n)> att the tangents from Zj either (a) pass through the poles off(z), or

those zeros off(z) whose order added to ». is greater than r, or (b) are tangent

to [dw J] = 0, where 6(u,v,w) == y>(u,v,w)¡a¡*. The point of contact

on a tangent to [8w s] = 0 divides the segment from Zj to the point of contact

with [6 j] = 0 in the ratio ofr — ». +1 to »., provided that the last tangent

is not singular.
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While the equation of the tangents from a general point is not very

illuminating, the equation of the tangents from any point at infinity is

instructive.   We consider this case next.*

5. Parallel tangents of (<jQ = 0

THEOREM 3. The tangents of («¡p^) = 0 parallel to any direction remain

invariant if each of the points zx,z2, ..., zn is translated parallel to that

direction an arbitrary distanced If a line perpendicular to the direction of

the tangents be taken for the X-axis and if Xt ^ x¡ (i,j = 1, 2,..., n), the

equation of the vertical tangents is given by the rth derivative of

f[(x-xi)Mi = 0.
i=l

The proof of this theorem follows immediately from Corollary 1, Lemma 4.

If the projection of a pole of f(z) on the X-axis coincides with the projection

of another pole, or with the projection of a root of the same function on the

same axis, the vertical tangents of (yrw) = 0 are given by the rth derivative
n

of J J (x — xtf*= 0 multiplied by a factor which is determined by Lemma 4.
¿=i

The factor does not add new distinct tangents, but merely increases the multi-

plicity of the old ones.

We can imagine the curve (t¡?w) = 0 to be the envelope of its parallel tan-

gents, and our investigation of its properties will, in large part, be based on

a study of the distribution of its parallel tangents, and the distribution of the

points of contact on the tangents through the zeros and poles oif(z). Before

we proceed to investigate the general curve (f'w) = 0 we apply the above

theorems to the curves [y^J = 0 of class two, i. e., to the conies.

6. APPLICATIONS; [v] = 2

The degree of [fw] = 0 is two when/(z) is of the type

(&)fx(z) = (z—zxy(z—Zi)(z-z3)(ii> 0,r = l,...,/*; /<<0,r = 1,2,...),

(\>)f2(z) = (z-zxr(z-z2Y>(z-zsr> (r = l),

(c)/,(*)==n (*-*/' U>o,r=yPi-2).
f=l *—Ï

* The writer wishes to express his obligation to Professor W. C. Graustein, of Harvard

University, for certain valuable suggestions he has made concerning the subject matter

treated in the two preceding sections.

t Provided 0r(x) ^0; see Lemma 4.
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We propose to study each of those cases in detail and to show how the foci

of Wj\ = 0* can be constructed by means of ruler and compass.

Type (a) f(z) = (z — zxT (z — z2) (z — z3). The point of contact of

[f[] = 0 with zx 2a divides the segment zx z2 in the ratio of » — r + 1 to r,

internally or externally according as»^0. Similarly the point of contact

with zx z3 divides the segment zx z3 in the same ratio. Let B and C be the

points of contact on gx z2 and zx z3 respectively; then BC is parallel to g% z3

and therefore the center of the conic [y-[] = 0 lies on that median of the

triangle Zx Zi z3 which is drawn from zx. The tangent parallel to zx z3 intersects

zx Zi in a point which divides zx z2 in the ratio of » — r + 2 to r, internally or

externally according as * ^ 0. Also the tangent parallel to zx z2 divides zx z3

in the same ratio. Hence the center of the conic divides the median in the

ratio of » — r + 2 to r. Furthermore, when » > 0 the conic is always an ellipse ;

when « < 0, but » + 1 ^ 0 the conic is an ellipse, a parabola, or a hyperbola

according as » + 2 = 0; and finally, when » + 1 = 0 the conic is a hyperbola,

for r = 1, but degenerates into two pencils of lines parallel to zx z2 and zx z3 for

all other values of r. These results follow at once from the fact that a conic is an

ellipse or a hyperbola according as it passes through a point between or not be-

tween two parallel tangents, while it is a parabola if it touches the line at infinity.

To construct the foci of [fj\ = 0 by means of a ruler and a compass we

make use of the two following theorems :t The conjugate diameters of a

central conic set up on a circle through the center of the conic an involution

whose rectangular pair are the axes of the conic; and a tangent and a normal

at any point of a central conic intersect the minor axis of the conic in points

which are concyclic with the foci.| Hence we have the construction: From 0,

the center of [<pj] = 0, draw Oi? and OF parallel to^-B and zxCrespectively.

Then OB, OF and OC, OF are two pairs of conjugate directions of the last

conic. Now take any point 0' as a center and draw a circle through 0. Let

this circle intersect OB, OE, OC, and OF in B', E', C and F' respectively.

Denote by D the intersection of B'E and C'F', and let OB intersect the circle

in the points M and N. Then OM and ON are in the direction of the axes of

[tf\\ = 0. Let zxB and the perpendicular to zxB at B intersect the minor

axis§ in P and Q respectively. Then the circle on PQ as a diameter intersects

the major axis in the foci of [yj] = 0.||

* [?*] — 0 is the 9 curve corresponding to f¡(z)       (t = 1, 2, 3).

t This method of constructing the axes of a conic was called to my attention by Professor

C. M. Sparrow, of the University of Virginia.

X Casey, Analytical Geometry, 2d edition, p. 215.

§ The normal at any point (not a vertex) of a central conic first intersects the major axis

and then the minor axis.

|¡'In the case of a cubic with simple roots compare the above method with one given by

J. L. Walsh, Annals of Mathematics, vol. 22 (1920), p. 142.
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The construction is much simplified if the triangle zx z% z3 is isosceles,

zx Zi = zxzs. Then the median through zx and the perpendicular to it at O are

the axes of [yj] = 0, and, as before, zxB and the normal at B determine

a circle which intersects the major axis in the foci. If we take the above median

for the axis of reals, the roots of/x (z) = 0 are real or imaginary according

as the intersection of the normal at B and the axis of reals lies inside or out-

side the segment zxO. Furthermore, if the normal at B passes through 0, the

roots oif[(z) = 0 are coincident and [y>r] = 0 is a circle.

In case [yj] = 0 is a parabola (u- = 2), the construction is also quite

simple. We have merely to make use of the fact that the tangent at any point

of a parabola bisects the angle between the line joining that point to the

focus and the perpendicular to the directrix from that point. In our case, of

course, the directrix is perpendicular to the median through zx. Hence we

have the construction: Draw the perpendicular bisectors of zxB and zxC,

and let them intersect the median through zx in the points E and irrespectively.

Then the intersection of BE and CF is the desired focus.*

TYPE (b) /,(*) = (z—zx)Ml (z—z2)M* (z—z3y>. When the powers (/») are

all positive or all negative, the conic [</>2] = 0 is an ellipse. If one of the

powers is negative it is an ellipse, parabola, or hyperbola according as

*x + Hi + ¡.ia = 0. If two of the powers are negative it is an ellipse, a parabola,

or a hyperbola according as ft+ft + ftlO. When the conic is central its

center is the center of gravity of the three masses (negative or positive)

/t2+itt3, /ts+jttx, i*x+j»g considered located at the vertices of the triangle

zx Zi zs in the order designated. If the conic is a parabola, the signs of all three

powers can not be the same. Let *2 and ¡i3 be of like sign. Then the line

joining zx to the midpoint of the join of the point of contact on zx z2 and the

point of contact on zx z3 is perpendicular to the directrix of the parabola.

Having the center of a central conic or the direction of the directrix of a para-

bola in addition to the points of contact on two tangents, we can construct

the foci or focus by means of ruler and compass as in case (a).

Again the construction of the foci may be considerably simplified for

particular functions /2 (z). We mention only two such cases here. If

^1 + ^8 = 0, the side zx z2 is an asymptote, and the center divides the side

zx Zi in the ratio of /*2+/«s to ^i + /*s. The fourth harmonic of OC, OF and

Ozx, where 0 is the center, C the point of contact on zx z3, and OF a line

parallel to zx z3, is the second asymptote. If also /¿x + u3 = 0, then zx z3 is

the second asymptote. In either case, the bisectors of the angles between the

asymptotes are the axes, and the tangent z2 z3, together with the normal at

* It follows therefore that the focus of [yj] = 0 lies on the symmedian through z\ for all

values of r, and that the distance between two successive foci is constant.
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the point of contact on it, determines a circle which intersects the major axis

in the foci.
n

Type (c)  f3(z) = J \(z—Zif*. By means of a repeated application of
¿=i

Theorem 2 we can construct the tangents from zi to [y£] = 0 with their points

of contact. The remaining part of the construction of the foci of [g>£] = 0 is

the same as that of [<?{] = 0*

7. THE POSITION OF THE CURVE [frJ = 0 WITH RESPECT to the zeros

AND POLES OF f(z)

Case 1. f(z) is a rational integral function of z.

When r = 1 we have

n

whose vertical tangents are given by

n

n dJJ(x-Xi)
2 P:-^T7-\- =   0 ./SlrJ        d(x — Xj)

It follows from Rolle's theorem on the roots of the derivative of a polynomial,

that, if xí\xj (i,j = 1,..., n), there is one and only one root of f(z)

between any two successive vertical tangents of [(pw] = 0, and that there

are always two roots such that no tangent lies outside of them. If in pro-

jecting the roots on some line — say the X-axis — it should happen that

Xi and xj coincide, the perpendicular to the line at xi is a tangent to [<¡p*J = 0.

Moreover, if the projections of m zeros coincide, the perpendicular at that

point is a tangent of order m — 1 with m — 1 finite and distinct points of

contact on it. If no three roots otf(z) are collinear, the curve [fw] = 0 has

always n — 1 finite and distinct tangents parallel to any direction and there-

fore has no singularities whatsoever.t  On the other hand, if three or more

* For lack of space all details of this construction are omitted. However, it should be

noticed that in case all the z's of /<(z) are collinear the displacement of one of the z's

vertically and the construction of the vertical tangents of the [fl] = 0 corresponding to

the new configuration of the z'a gives the roots of J* (z) = 0 by Theorem 3.

fBy singularities in a class curve we mean multiple tangents, or inflexions, or com-

binations of these.

18
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of the roots of f(z) are collinear, the curve [</>£,] = 0 has multiple tangents,

but still has no inflexions, for the points of contact on such a multiple tangent

are finite and distinct. Nor has it any asymptotes, for the number of tangents

parallel to an asymptotic direction cannot exceed n — 2 in a curve of class

n — 1, since the point at infinity is on the curve. It has no infinite branches,

for all its tangents are at a finite distance from the origin.

The extension to [q>rw] = 0 follows without difficulty. There is one and

only one tangent of [fw~l] = 0 parallel to and between any two successive

parallel tangents of [<¡p[„] = 0, and there are two tangents of [yf-1] = 0 such

that no tangent of [<prw] = 0 lies outside of them. If no three zeros of f(z)

are collinear, [<f>w] = 0 has always

n n

2tli— »' — 2 h*i — r)
i = l i — 1

ft^r

finite and distinct tangents parallel to any direction, and therefore has no

singularities whatsoever. Furthermore, if three or more of the zeros olf(z)

are collinear, [y>w] = 0 may have multiple tangents, but still can have no

inflexions. Finally, [?>£,] = 0 has no asymptotes and does not touch the line

at infinity.  Hence [<¡p£j = 0 is a closed curve.

If the tangents to [<prw] = 0 from some point are all real, and if this point

be considered to vary, then the tangents from it to [<¡p»'J = 0 will remain real

as long as it does not cross the curve. For the curve [<prw] = 0 has no

asymptotes and no inflexions. Moreover, as this point crosses the curve it

gains two tangents or loses two tangents according as it crosses from the

concave or convex side of the curve. But as all the tangents from this point

are real it can not gain any tangents; and, therefore, in crossing the curve,

it meets the convex side of the curve first. Furthermore, from the point at

infinity all the tangents are real. Consequently all the tangents to the curve

I ft! = 0 drawn from any point outside of it are real, and hence, not only

is [ft] = 0 closed, but its external contour is convex toward all points

outside of it.
THEOREM 4. The curve \yrw] = 0 is closed, has no inflexions, and has no

midtiple tangents except perhaps through collinear zeros off(z).* It lies between

the extreme tangents parallel to any direction, and it also lies between the ex-

treme tangents drawn from any one of the zeros off(z) which lies on the least

* To determine whether or not a line through collinear zeros is a multiple tangent use

equation (8).
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rectilinear polygon containing all the zeros of 'f(z).* It is convex toward all

zeros off(z) whose order is not less than r.

Case 2. f(z) is a rational fractional function of z.

Iif(z) has one single pole whose order is greater than the sum of the orders

of the zeros, all the tangents of [tprw] = 0 parallel to any direction are still

real. Furthermore, [q>w] = 0 still has no multiple tangents except perhaps

through the pole and through a zero or perhaps through two or more collinear

zeros. The points of contact on such a multiple tangent are always finite, real,

and distinct. Hence [</>£,] = 0 has no inflexions. Continuing this reasoning

as we did in the case vraenf(z) was a rational function, we finally conclude

that [<prw] = 0 is closed, that its external contour is convex toward all points

lying outside of it, and that it lies between the extreme tangents parallel to

any direction.!

When f(z) has more than one pole or when the order of the single pole is

not greater than the sum of the orders of its zeros, these conclusions do not

generally hold. Even then we can usually determine pairs of slopes such that,

for all tangents whose slopes lie between these limiting values, most of the

conditions mentioned above will hold.

8. Generalization of the Gauss'-polygon theorem

We are now in a position to generalize the Gauss'-polygon theorem very

simply.

The foci of a curve are the intersections of the tangents to the curve from

the circular points at infinity. Consequently, at least two of the tangents from

a focus are imaginary. Therefore the foci of [<pw] — 0, when/(z) is a rational

integral function, lie between the extreme tangents of [<pw] = 0 parallel to-

any direction. Hence,

THEOREM 5. If the x-intercepts of lines through the zeros of a rational inte-

gral function, f(z), parallel to any direction, be considered as the zeros of a new

real integral function, then those zeros of the rth derivative of f(z) that are

distinct from the zeros off(z) lie between the two lines parallel to the same

direction and passing through the least and greatest zero of the rth derivative

of the new rational integral function^

* By considering tangents parallel to this polygon we conclude that [?£] = 0 lies inside

this polygon.

t Also the tangents from any point outside of it are all real.

t This theorem may also be stated in the form suggested by Professor Kempner, of the

University of Illinois : Let the zeros of a polynomial /(«) be x, + iyx,..., x« + iyn, and let

the zeros of fT(z) be x[ + iy^, ..., x'm + iy'm, where x\ ¿ x'a < • • • <x'm. If now x, and x„

be the least and greatest (real) root of the rth derivative of g (x) = (x — x,) (x — xs) • • •

(x — x„), then Xi < x'x and xm > x'm.

18«
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The Gauss'-polygon theorem follows from this when r = 1 and the directions

in the theorem are taken parallel to the sides of the least rectilinear polygon

containing all the roots of f(z).

Finally, Theorem 5 applies not only to a rational integral function as stated,

but to any rational fractional function whose corresponding curve [<p£,] = 0

is closed, has no inflexions, and all of whose tangents from any point at in-

finity are real.* The theorem is therefore applicable to a rational function of

one multiple pole whose order is greater than the sum of the orders of the

zeros.t

Havard University,
Cambridge, Mass.

* Cf. Bôcher, Proceedings of the American Academy of Arts and Sciences,

vol. 40 (1904), p. 478. Also Walsh, these Transactions, vol. 19 (1918), p. 297.
f Part II of this paper, which deals primarily with the tracing of the y-curves, will appear

separately.


